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Let R denote the correlatxon matrix for ‘regressors in : iﬁé“ 
\classical linear reg:3551on ‘model. - The diagonal elements rii of

R™} are called "varlance lnflation factors“ (VIF S)- s1nce they‘
indxaate how ‘many times larger the varian&es of the OLS estima-
:tors of regressxon aoefficients ﬂ are for glven regressors than
in the reierence case of ‘R .= (see €. 9‘. J u dge et - ai.,
f1980, p. 461~462,} Ma n s £ i e l 4 d‘f _H.e lkm.s,ﬁ ¥;1982,'
Belsley etal, 1980, p. 93). R .
In this paper we generalize the concept of VIF to the case of}
OLS estimation of any given 11near function of" regressxou coeffi-
c1ents and to the case of oLS predictxon. We. consider separately
'lVIF s based - on the usual correlatzon matrlx {<or centered regre-f
. §sors in regressxon with an 1ntercept) a;‘ noncentereﬁ CYIFT s
:tNVIF s) based on - the noucentered correlatlon » coefflaients.
;Both types “of measures qive preclse numbers 1ndicating an  in-
crease (cr decrease) .of variance of the . OLS estlmator‘ of a li-
neax functiQnA y‘- ¢ 5 fcr glven c 0% af the OLS predictiqn ar-
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ror £ = yﬂ'f y*_- x#b - ix*ﬁ + u*}? for givan X4, but each of the
T twe measureg relatas to - the diffaxent reference point (zero cor-
Lelatlmn coeff;cients or zero noncentered correlation coeffi-
clents). ‘ A e ‘

2, VIF'S BASED ON THE USUAL CORRELATION MATRIX

we consider the‘linear~reg£5331aﬁ mmdel'“

= Xp + u,"‘ E{u) 0 Etau’) = 2

where X =, {e2] s n %k nonrandom of xank k (k > 2) and with a
veotor of ones {e) as its first column (that is, §, is an inter-
cept). lLet o ' L -

1

E = {?EE """.'f' ;{kj' :Hz‘e,
&= 2 - ek F (In - .ﬁee }z'
8 = Diagis . 8, i = £53 1x, x ;
2t ’ k r“ i 3 tﬂl ‘tj, }
R = “1“ ﬁs“l L

that is F is a vectoxicfvarithmetic means of k = 1 nonstochastic

regresgors {columns of z},}ﬁ is a matrix of deviations from means

and R is a correlation matrix tin a purely descriptive“' Sensa,'
because Z is nonrandcm). ’ ' o IR U EAE A

Since (X°¥)7F _ can be presented in the fullawan form:
o ezt Theantis Caeant].

(X %) “lze z2] 7 8 2)'-12- ~‘§’§)"’1}H T

Ligstirtistls czsTh 1672 N
: '53”1af13”1z ’ sttt
we can express variances of OLS estimators and’ predictors in
Lerms mf 2, 8, R, Prpcisely, 2f g =ab = (XX) 1X’y‘is the OLS
estimator of ¥ = ¢'f (¢ # 0} and y, = x*b is the QLS predlator

of v, = x.B + u+, where E(u*} = 0, E(u*) & a?, E{u,u) =0, then

the partition of ¢ and %, conformably with % = [e2]:



(ientared and bloncentexed %riance 1n$latim& Factars' i .89

c = {C C} ‘ S x* - &'}
enables us to write the variance of g and the vaxiance cf the
vpredictxon error £ = ﬁ*‘- Yo in the fallowzng forms

"i V(q} = g c (x X) c é zi + {c ;o clz} s ia'i 1(c - e z}},

V{f) = 52{1 + R *x,) = a2{1 +Le ¢z z)s‘la 1s 1{z -5

‘Now, if we take as .a poznt cf raference a. hypathetxcal set of
‘uncoxrelated explanatoxy vaxiabxes with the same ‘valnes of x&,

sy 11 = 2y eene k), we can define the follawing variance infla~~

tion factors.

: 1f2-"-'  ) 1 1 .
=er i, =€ a} s R {c - e z)
vxF{g) 2 ; g 2.l L,
}6“1 + ‘¢z - ciz) 's” {c - alz)
: B O % * (z* - z) 5”13 'S’ 1(z g
VIF{E} = 1 : =3 . i
~ ‘ T e A+ (z* —'z) 5 (z, f~§)

they measure hcw many t;mes larqer the variance will be for the
‘given regressors than for uncorrelated ones. In the case of esti-
mating the i-th regression (slope) coefficient 31 {i= 2,‘...,'k)
we have g = bi and VIF(g) raduces to the i -th dlagonal elemantq
of R} ‘ <L B ' ‘
i VIFib ) =i
that is, to the . varxance inflatlon,factor Ln its form appearing in
~ the l;terature (see e.g. Judge etal., 1980, P. 461~462,

Mansfield and Helms, 1982, a elsle y et
al., 1980, p, 93). It is wall known that Ay a=2, .ocu k)
and the lower bound (r i} is achzeved when the i~ th regressor

’is uncerrelated with the others {&ee F a rratr ‘and G 1 a-
ube r, 1967)' that means that. ccrreiation between ragressors
always leads to -an increase of variances of the OLS estimators
“of individual regression {slope) copffL01ants. Let us stress ‘here
that in the general case of the OLS estimation of a linear func~
tion.of g or in th@ case of the ?red;ctlon error, a decrease of
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évariance i aalso passible iand-that VIF{ } gives a precise measurefﬁ
Qof the decrease er ’ ria; ' V

. Indeed, VIF(-)

"less than ‘;wnich:depen&s on_a,ﬁthat is on s 1(c - e z) in the‘

case af estlmation or on S‘

" The ranqe of values which

R and different agg'a

n(z, - z) in the case qf predictlon..’
n beftaken by VIF(+) - for a given~g

'isfeasy to establlsh, 31nce for every a:

D Ami a a g a QA Q aks X -1 a’ a, o

min™ . .
.'fwhere: L and A i are ‘the maxlmum and mlnlmum elgenvalues of
gR respectively.'Sn we have @ ,nﬂ, B  -":,~' : o_;.J e
RREE e “‘2 IS T T ‘ -
S VIF( ) 3 Amax “a lmaxao + hmax ‘a "fk'l R
az + a’ a ag +a'a max .
‘isince 1 ; lmax < tr(R) k - 1) and
. g2, 21 S
Do , : + A7 a A a“ + 271 a'a o i
: mi -1 .
s_,VIF(*l § 8 mln ,§, min® gk: n - = min’<f+m,
a' + a a e at e ata » A :

‘(sxnce O < Amln g 13.:;
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i VIF S BASE” ON NONCENTEREB CORRELATION ﬂOEFFICIENTS

" HWe consider again the linear regression model
Y =EBtu, B(u) =0, - Etw) -52: i
llwhere x is n x k nonrandam of xank k Gk 3 21, but nat necessarily
witb a column of cnes {the model” m&y or may not have an inter~
cept). Let W denote a diaqonal maLys _gantqigingfthe 1engths of
the coiumns of K on its dxagonal.k7*' e T

Diag(J : Z: th”:"bv

tal tl( Qu"‘

};thea xw 1 “is a matrix ot standardiaed, but not centered, values

iof regressars 4the length nf each calumn is 1) and
= exw‘la ' el L |
‘>ls a k * k ‘matrix of noncentared correlatlon coefficients between
ztregxe$sors., Let us consider again ‘the OLS estimator g'= ¢’b of
¥w~fc 8 (c #0) and: the gredxction erxor i ?,»- y* qi the oLs
pred;ctct ?* = x*b~ we can write theix vaxiances as.

S

ﬂ 4 Vig} FEHS X) 1c = cZC w Rnlw‘lc

wn=52{1+x,(xx1 1x}=‘a;1+xw an x,;.

CIf we take as a point of reference a hypothetical set of crthogow
nal regressors with the same. lengths, we can define ‘the: followang
' variance inflation factoxs‘.iwhlch we will cannl"noncentereﬁ", and
denote. NVIF): ' g B

ey x7le ewlrgtetle
po "fWIFiQ) = 3 e SRR -,
e e eTW e >
e ’-1' | “lp-1-1, ¢
L Sl X 4x X) “x 1 + x w Ry™W "xy -
wIRee) = s s Lt 5
1 + x,w Xy L 1 & x*w 2x* '

they measure how many times larqer the varzance wzll he for given
regressors than for orthogonal ones ;with ‘the same lengths} In
the case of estimatznq 3 (i="1, wuu, k} we have g = bi and

‘NVIF(QJ reduces to the i th dxagonal element cf R 1
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e NVIF(b ) ;‘. ~;; .;‘ e v

:Alang the same lines ' of reasoning as in ‘the previous sectlan, it
'ran be shown that generally NVIF{g) and NVIF(f) _can take values
'g:eater than, equal to, or dess than 1. The range of possible |
' values of NVIF( ) - for. a ngen matrix Rﬁ' and dlfferent vectors ';
' ct x, - is determined by the eigenvalues» of RN If dl PP I

'2 dk denote the eigenvalues of RN then ‘,V

0 < dmin ;(1u~};§ dmax dl < k, 'fzfdi'? txgau) = k,

and we have

max mm

h ; < dr -1 < NI (RS -1 ‘, 4o,

Let us note that NVIF( ) 1s fdefined for a larger class of
~linear regressxon models than VIF(+), since the ~ latter applles
: only for models with an intercept.~ BRRE o

4. A COMPARISON BETWEEN VIF(-) AND NVIF(:)

JIn drdér'tb'hARe‘auch & comparison possible; we.must restrict
' our aons;derations kto .the linear model with an intercept. In the
,_case of VIF(- }, the hypothetlcal reference X matrix consists of a
‘column of n ones (e) and mutually uncorrelated regressoxs with

fmeans xz, ..,; xk .and varlances n 16%, PRPRES lsi, whlch imply

- the same squared lengths of columns as for the actual regressors,

_namely. s% + nx%, cvey si + nxi In. the case  of NV¢F{ y, the

-hypathetical reference X matrix consists of k orthcgonal re-
gressors, whose lenqths are the same as those  of the columns of
the actualvx matyix. Since thare are infinitely many such refe~,
-rence matrices and»in‘(hypoyhetical) construction pne,column is
chosen arbitrarilyA‘(only its length is fixed), we  can restrict
cursélVes';tO reference matrices with the first'columg e. Then the
remaining k - 1 columns of the reference X matrix are uncorrela-
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Ead and with zero arithmetic méansl, fired lengths and zero means
lmply that these k¥ ~ } columns have maxlmum possible variances.
" when the k - 1 columns of our actu&l design matrix €axcept for
the first cclumn, e} have zerc means, then ‘the reference patterns _
for sz{ } .and NVIF(+) coincide, since flxlng lengths is Tunder-
assumption z = ) equivalent to fixing variances of regressors,
of course,’ VI?( ) and NVIF{+) coincide in this case. - ‘ :

.In oxder to ccmpare the role of both typeq of variance infla~
tion factors in the case of collinearity, let us remember that
thér& are two kinds of - {linear) near dependengieé' between co-
iumns of X = [e 2): k ' '

' 13 dependenc;es involving e and only one columﬁ of 2, that is
swall variation of a given reqressor (see S i lvw e[y, 1969,
,B’efi's l.e y et al., 1980, P 170); ’

2) dependencies involving at’ least £wo calumns of z {they
“make R “almost singular"). ' RIS

"By construction, VIF(*) can measure this increase [{(decrease)
_of variance which is caused by dependancxes af' ‘the second type
only. On the contrary, NVIF{+) measures an 1ncrease ideerease)
of variance caused - by hoth;types of dependencies. Thus NVIF(+},
based on noncentered data, c¢an be a tool for exploring some par-.
“ticular consequences of »Gllinearlty.» The . role" of V;E(‘)i a
measure based on centexed data, is much more xastrlcted "~ in the
case of collinearity with prevaxlxng dependencies  of the first
kind - (small variation), VIF(+) ‘is misleading as a measure of
‘the consequences of collinedrityz "In corder to avoid misinterpre-
~tations of YIF's and NVIF's, we should stress that these simple
"maaauxes add nothinq to the explanation of the general statisti-
_cal consequerices of colllnearlty, as presented by S i lvewy
{1969) (see also Judge et al., 1980, p. 455-458), nor do
‘ thgyksubstitute thg' full procedure. of detecting’ccllinearity, as

These conditions, that is: % = & and’ R = Ik 1.vare nacessary “and suffi-

cient to make - XX diagonal (bea (1)),

The problem of centerxng the dara in tha context Qf"collineatity is
conszdeted’in detail by B e ls 1 ey (1986); ‘he .writes  ahout using R
(p. 118):  "the data corrvelation matrix [eoo} s will typically produce mislea-
ding diagnosttc information®. U e . . :
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ibé*"
et,al (lSBOL chap. 3.; The reason i
and N g is the need: for precise numhers
ind 5 :  ,;°§ departﬂxes from certain “reference.
:patterns", (1dea1 designs) en the estimation of a partlcular 'pa-ﬁ
»frameter of intarest"y.; & 5 ar an a paxticular srediction with
© fixed x,. Of . qourse; BVIF(+) can be especially useful in the -
‘case of collinearity, but rather in indicatinq aoma specific con-. ,
'sequenees o',’ex;sting dependancias than in detection of their )
 vexistence and shape. i » :
LoIm order to compare the values of NVIF( } and VIF( ) directlm
f;ilet us wr;te the rations of these measures in ths followinq
-fforms.: it : : o : G :

+_gu

<,;‘szr(g; ’3 [51 ‘“1‘“ °1‘*1’ ]

' VIF(Q)

+.t

- 12 [ci‘si + nX ) ]

ey fv»uyah

S e f
Cowviegg) b ﬂ‘f ifz [si "‘*i xi’ l e

'As it was noticed earlier, if x2 —'..,.=°§# #;O,v‘then*'NVIF(?)‘#
= VIF(+). Naw let us - assume that xi #.0 for at least : ahé‘ix‘

-(1—2, sc*; k)t B - - . E
C1.If € = o (that is, when ‘a llnear function under consi~

deration does not involve an intercept 61), then we obtain ”§' 1A;f

T
S R - ?2

e 2 AR >'1;“
. VIF(q) ;f 5 Ci(si + nx{ %) ‘

the equallty holds only when c 0 for all i such that xi # 0.
2._If cy F 0 and c2 —’.., == 0, that xs uhen we are in— :

terested in the xntercept alone, we' have SRR -
NVIF{c,b,) ) »~.,‘k Sy
oSt e LA 1+4n 3 s 2x§ > 1.

VII‘(Clb }o . i=2
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3. If for all i
estimation or x*i xi 1n the casa of preﬂiction, then ; -53
':; NVIF(+) < VIF(: ) 1.0 A . ’ R
In other cases the ccmparxson of xVIF( ) abd ’VIF(')“is not. asj;j
ﬂstraightforward as abova and - generally - NVIF( y can be greater7"
7than, equal to,_or 1esa than VIF( )x see values of ‘these: mea*
fsures‘for bl t+ b2' x*h and f in an example found in the next

2; ..., k we ‘have ci = °1xi in the case Of"ﬂ

“‘QS.JAN Exnﬂﬂ£~ i

Let us illustrate the generalized definitions of var;ance in-
’flation factars by the reqression equation taken from Thei 1
;(1971),Chap. 3,vwhich refers to the ccnsumption of textzles in =
__the Netherlands (1923 1939): 1 ; : -, . S

S o= 174 4 1,143 %, - . 0.829 xyy,

: - (0. 306) ©(0.156) 1 {0.036) ~

where yt, th' Ky g ~denote decxmal logarithms of the volume of

'textile consumption per capita, real income per capita, and the

relative price of textiles, respectxvely, the’ estimated equatxon ‘

’shows the OLS estimates ‘with standard ‘errors in parentheses. In .

_this. example. ‘ R . L

no=17, ./;"é-e‘z 012,- s; = 0: oas, i3 =’1~a73-' sé,= 0.385,
3 = 0 222, ,rulz‘— 0. 99994,v er3 = o 99876 er3 = Q 99882, :

where r23 is ‘the usual (centered) correlatlon coeffzclent and

'vrnij are the. noncentered correlation coeffic;enns., Let us - focus

~‘here not- only on’ the OLS estimatcrs of individual parameters 61,

-532' 93. but also on’ the OLS estimators of 82 + 83, 31 + 6232

+ 83x3. Bl + 82, and on the oLS predlctor corresponding to

| '*”x”-" Loz 02119 - 1.81201], el i Tt

 used by Theil (1971), p. 135. Applying = definitions of

VIF{-) . and NVIF(:) we obtaxn.,‘;’ e S ’
VIF(bl) =0.95, - NVIF(by).

8685,

VIF(b;) = 1.052, | NVIF(b,) = 9135,
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.,f~VIF(b2 + b3} - 0.950, wvxrtbz + b3) = 4036,
fvxyfhl + Rpby + ¥3by) = 1, NVIF(D; + by%, + E3by) = 0 33352,
 VIF(b, + By) = 0. asa, L. NVIF(b, + b,) = 1842, o

VIF(x*b) 1. 693, e =,fnvzsnx*b) - 0. saa,-
flﬁVIF(f) =.1.008," ,f*'~ Z*NVIF(f) = 0 939.
In. thxs example, correlqtion'between regresscrs (measured hy r23)

is very small and its influence ‘on varxances isi also small or’
even neqliglble.v The range of possible values of VIF( ) is narrow”—

A;;x f‘lazlii" 0.819 g vxF( )< A;}n = 5 7%35 = 1. 284.
jaut in Splte of iack of correlatlon, there is a substantial de~\'
‘parture from orthogonallty, "caused“ by small variation of xtZ .
This lack of orthogonality gives such latge values of NVIF( ) for
bz, by, b2 + by, and- bl + b2’ but on. tne other hand -it has some;

pesitive influence -on the variances of bl + xzbz + x3b3, xﬁb and

£.  Since the eigenvalues of RN are as “follows:
‘ ‘dl = 2, 99835, : 'd2~” Q, 001592, ,3 = 0,0000568,
the range of possible values of NVIF( ) is very wide: :

-1 -1
émax Q. 33352 £ NVIF( ) < dm;n 1?618.

This example illustrates again the kncwn fact that the conseqnen—
ces of - nnnorthogcnallty for the estimation of various paramaters
‘and for: various predlct;ons can be completelg different. The ad~
vantaqe of (generallzed) variance 1nflation factors defined here :
is that they assoclate, a: number with any particular case, - and.
therefore they allow ‘to make ‘quantitative ' (and not only quali-
tative) statements about. the lnfluences ‘of correlation or non-
crthogonallty on partlcular estlmators and predictors.; i

The procedura of detecting ;ollinearity, proposed by B e 1 EY l e y et
al. (}980}, indicates here a strong dependency - which Anvolves  only x 2 - and

ti"i Condition indexes of XW ﬁg) and varaance-decompositxon proportions
are as follows; L N ‘
| Vb vy Vb
W= o1 10,0000 0.0000 - 0.0003
n = S 434 10,0130 - 0.0106 .- 0.9851

=230 | 0.9870 10,9894 0.0146
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NSPﬁ&CZYNNIKI ZNI@K@ZENIA waxrancx: LA £STYMATORA MNK FUNKCJI LINIQ“EJ
S I ﬂLA ﬁh@Dﬂ PKEDYXCJI . :

Nianh R oznacza. macierz wspolczynnikdw karelacji migdzy zmiennymi ohjaénia-
gjacymi kiasycznego modelu resrea}i liniawej T X :

y=X8 tu. G L |

Eiemenay pxzekatnlowe macierzy R ;L nazywane ‘sa “wspélczyhnikami ‘ zwiekszenia‘
7wariancj1"' {ang. variance inflation factars; VIF s), poniewdé informuja ile
'razy uigksze sa wariancje estyma&arow MNK parametréw regresji ﬁi’ przy danej
macieray X, niz w 1dea1nym przypadku R = i ' i ‘

W arsykuie uogélnxamy pojqcie wspozczynnika zwigkszenia wariancji (VIF)
na ptzypadak estymacjx MNK dowaineg ustaleuej funknji liniowej parametréw mo-
delu oraz na przypadek pxedykcjx za = pomoeg predyktora MNK. Rozwasamy osobno
‘wspélczynniki zwigkszenia wariancji oparte na zwykiej mac;atzy korelacyjnej
| (tj na: scentrowanych wartoéciach zmiennych objasniajgcych w przypadku regresii
z uyrazem wclnym) i RiESCQHtrcwiﬂﬂ wspdiczynniki zwiqkszenia warianeii, opar-

te na n:c&centrewanych uspéiczynniktach korelacid.
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’iowaj 7( < 8 dla danego c .‘ 4
: dla danego x*, ale kaidy z.
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